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Abstract. We study the center of the pro-p Iwahori-Hecke ring Hz of a connected split p-adic 
reductive group G. For k an algebraically closed field with characteristic p, we prove that the 
center of the fc-algebra Hz®zfc contains an affine semigroup algebra which is naturally isomorphic 
to the Hecke fc-algebra H(G, p) attached to an irreducible smooth ^-representation p of a given 
hyperspecial maximal compact subgroup of G. This isomorphism is obtained using the inverse 
Satake isomorphism defined in [24]. Finally, we apply this to study the "supersingular block" 
of the category of finite length Hz ®z fc-modules and relate it to supersingular representations 
of G. 
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1. Introduction 

The Iwahori-Hecke ring of a split p-adic reductive group G is the convolution ring of Z-valued 
functions with compact support in I\G/I where I denotes an Iwahori subgroup of G. It is 
isomorphic to the quotient of the extended braid group associated to G by quadratic relations 
in the standard generators. If one replaces I by its pro-p Sylow subgroup I, then one obtains the 
pro-p Iwahori-Hecke ring Hg. In this article we study the center of H^. We are motivated by the 
smooth representation theory of G over an algebraically closed field k with characteristic p and 
subsequently will be interested in the A;-algebra := ®z k. We construct an isomorphism 
of fc-algebras between a subring of the center of H^ and (generalizations of) spherical Hecke 
fc-algebras by means of the (inverse) mod p Satake isomorphism defined in [24]. This result 
is the compatibility between Bernstein and Satake isomorphisms referred to in the title of this 
article. We then explore some consequences of this compatibility. In particular, we analyze the 
notion of supersingularity for Hecke modules. 

1.1. Framework and results. Let 5 be a nonarchimedean locally compact field with residue 
characteristic p and k an algebraic closure of the residue field. Let G := G(#) be the group of 
^-rational points of a connected reductive group G over ^ which we assume to be 3-split. In 
the semisimple building X of G, we choose and fix a chamber C which amounts to choosing 
an Iwahori subgroup I in G, and we denote by I the pro-p Sylow subgroup of I. This choice is 
unique up to conjugacy by an element of G. We consider the associated pro-p Iwahori Hecke 
ring Hz of Z-valued functions with compact support in I\G/I under convolution. 

Since G is split, C has at least one hyperspecial vertex xq and we denote by K the associated 
maximal compact subgroup of G. Fix a maximal 3-split torus T in G such that the corresponding 
apartment in X contains C . The set X*(T) of cocharacters of T is naturally equipped with 
an action of the finite Weyl group 2U. The choice of xq and of C imposes the choice of a positive 
Weyl chamber of srf that is to say of a semigroup X+(T) of dominant cocharacters of T. 

1.1.1. The complex case. The structure of the spherical algebra C[K\G/K] of complex functions 
compactly supported on K\G/K is understood thanks to the classical Satake isomosphism ([25], 
see also [12], [13]) 

s : C[K\G/K] ^ (C[X,(T)]) W . 
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On the other hand, the complex Iwahori-Hecke algebra He := C[I\G/I] contains a large com- 
mutative subalgebra Ac defined as the image of the Bernstein map 6 : C[X*(T)] He which 
depends on the choice of the dominant Weyl chamber (see [21, 3.2]). The algebra He is free of 
finite rank over Ac and its center Z (He) is contained in Ac- Furthermore, the map 9 yields an 
isomorphism 

b : C\X*(T)]f Z(Ec). 

This was proved by Bernstein ([21, 3.5], see also [13, Theorem 2.3]). By [10, Corollary 3.1] and 
[13, Proposition 10.1], the Bernstein isomophism b is compatible with s in the sense that the 
composition (ex * -)b is an inverse for s, where (ex * •) is the convolution by the characteristic 
function of K. 



1.1.2. Bernstein and Satake isomorphisms in characteristic p. After defining an integral version 
of the complex Bernstein map, Vigneras gave in [31] a basis for the center of H^ and proved that 
Hz is noetherian and finitely generated over its center. In the first section of this article, we 
define a subring 2°(Hg) of the center of H^ over which H^ is still finitely generated. The vertex 
xq is chosen to be hyperspecial in the current article. In Proposition 2.6 we prove that Z°(H.z) 
is not affected by the choice of another apartment containing C and of another hyperspecial 
vertex of C as long as it is conjugate to xq. In particular, if G is of adjoint type or G = GL n , 
then Z°(Hz) depends only on the choice of the uniformizer w. 

The image of Z°(Hx) in H^ = H^ ®z k is denoted by JJ°(Hfc) and we prove that it has a 
structure of affine semigroup algebra. More precisely, we have an isomorphism of fc-algebras 
(Proposition 2.8) 

(1.1) fc[X+(T)]A2°(H fc )CH,. 

By the main theorem in [16] (and in [24]), this makes Z°(Hk) isomorphic to the algebra rl(G, p) 
of any irreducible smooth /c-representation p of K. Note that when p is the fe-valued trivial 
representation Ik of K, ones retrieves the convolution algebra fc[K\G/K] = H(G, Ik)- 

In [24], we constructed an isomorphism 

(1.2) 7:k[Xt(T)]^n(G,p). 
In the current article, we prove the following theorem. 

Theorem 1.1. We have a commutative diagram of isomorphisms of k- algebras 



(1.3) 



k[X+(T)} -^h Z°(R k ) 



k[X+(T)] H(G,p) 
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where the vertical arrow on the right hand side is the natural morphism of k-algebras described 
in Section 4- 

The isomorphism T was constructed in [24] by means of generalized integral Bernstein maps, 
as are the subring -Z°(Hfc) and the map (1.1) in the current article. By analogy with the complex 
case, we can see the map (1.1) as an isomorphism a la Bernstein in characteristic p. Then the 
above commutative diagram can be interpreted as a statement of compatibility between Satake 
and Bernstein isomorphisms in characteristic p. Note that under the hypothesis that the derived 
subgroup of G is simply connected, it is proved in [24] that 7 is the inverse of the mod p Satake 
isomorphism defined by Herzig in [16]. 

If we had worked with the Iwahori-Hecke algebra /c[I\G/I], the analogous of Z°{Yij t ) would 
actually be the whole center of fc[I\G/I] (which obviously does not depend on any choice). We 
prove: 

Theorem (Theorem 2.12). The center of the Iwahori-Hecke k-algebra A;[I\G/I] is isomorphic 
tok[X+(T)). 

1.1.3. Generalized integral Bernstein maps. One ingredient of the construction of 7 in [24] and 
of the proof of Theorem 1.1 is the definition of Z- linear injective maps 

H F :Z[X,(T)] 

defined on the group ring of the (extended) cocharacters X^T), and which are multiplicative 
when restricted to the semigroup ring of any chosen Weyl chamber of X+(T) (see 1.2.5 for the 
definition of X*(T)). The image of H F happens to be a commutative subring of which we 
denote by A F . The parameter a is a sign and F is a standard facet, meaning a facet of C 
containing xo in its closure. The choice of F corresponds to the choice of a Weyl chamber in 
s# : for example if F = C (resp. xq) the corresponding Weyl chamber is the dominant (resp. 
antidominant) one. 

The maps H F are called integral Bernstein maps because they are generalization of the Bern- 
stein map 9 mentioned in 1.1.1. In the complex case, it is customary to consider either 9 (which 
is constructed using the dominant chamber) , or 9~ which is constructed using the antidominant 
chamber (see the dicussion in the introduction of [14] for example). By a result by Bernstein 
( [20] ) a basis for the center of is given by the central Bernstein functions 

E '(*') 

A'eo 

where O ranges over the 2B-orbits in X*(T). We refer to [13] for the geometric interpretation of 
these functions. It is natural to ask whether using 8~ instead of 9 in the previous formula yields 
the same central element in He- The answer is yes (see [14, 2.2.2]). The proof is based on [20, 
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Corollary 8.8] and relies on the combinatorics of the Kazhdan-Lusztig polynomials. Note that 
there is no such theory (yet) for the complex pro-p Iwahori-Hecke algebra. 

Integral (and pro-p) versions of 9 and 9~ for the ring were defined in [31]. In our language 
they correspond respectively to 23j = 23~ Q and 23+ = 23^,. It is also proved in [31] that a Z-basis 
for the center of is given by 

E 

A'eo 

where O ranges over the 20-orbits in X*(T). It is now natural to ask whether the element above 
is the same if a/ we use + instead of — , and if more generally b/ we use any standard facet F 
and any sign a. We prove: 

Lemma (Lemma 3.4). The element 

E ®f(X) 

A'eo 

in does not depend on the choice of the standard facet F and of the sign a. 

This lemma is followed in the body of the article by a flower dike drawing which is meant to 
illustrate the fact that the center of is contained in the intersection of all the commutative 
rings Ap for F a standard facet and a a sign. 

To prove the lemma, we first answer positively question a/ above. We then study and exploit 
the behavior of the Bernstein integral maps upon a process of parabolic induction. In passing we 
also consider question a/ in the /c-algebra in the case when G is semisimple, and we suggest 
a link between such questions and the duality for finite length H^-modules defined in [23] (see 
Proposition 3.3). 

1.1.4. In Section 5, we define and study a natural topology on H/% which depends only on the 
conjugacy class of xq. It is the 3-adic topology where 3 is a natural monomial ideal of the affine 
semigroup algebra Z°(Kk)- 

We define the supersingular block of the category of finite length (left) H^-modules to be the 
full subcategory of the modules that are continuous for the 3-adic topology on (Proposition- 
Definition 5.9). This definition extends the notion of super singularity for irreducible H^-modules 
given in [31]. Thus defined, the supersingular block depends only on the conjugacy class of xq, 
and therefore in the case where G is of adjoint type or G = GL n it is independent of all the 
choices. 

We prove (Proposition 5.12) that if a finite length module is in the supersingular block then 
it contains a character for the affine subalgebra of the functions with support in the subgroup 
of G generated by all parahoric subgroups. This extends [22, Theorem 7.3] that dealt with the 
case of GL n . In the case of GL n , the converse statement is true by [31, Theorem 5]. 
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We conjecture that the statement of Proposition 5.12 is an equivalence for a general J-split 
group and hope to investigate this question in future work. 

1.1.5. In 5.5 we consider an admissible irreducible smooth fc-representation n of G. In the case 
where the derived subgroup of G is simply connected, we use the fact that (1.2) is the inverse 
of the mod p Satake isomorphism defined in [16] to prove that if n is supersingular, then 

(1.4) 7T is a quotient of indj 1/Jind| 1. 

Note that the above condition depends only on the conjugacy class of xq. In the case when 
G = GL n (J) and 5 is a finite extension of Q p , we use the classification of the nonsupersingular 
representations obtained in [17], the work on special representations in [11], and our Lemma 3.4, 
to prove that the condition (1.4) is in fact a characterization of the supersingular representations. 
We expect that there is a direct proof of this result (and a version of it in the case of a general 
5-split group), that does not use the classification of the nonsupersingular representations. 

1.2. Notation and preliminaries. We choose the valuation valg on 5 normalized by val$(m) = 
1 where w is the chosen uniformizer. The ring of integers of $ is denoted by D and its residue 
field by ¥ q where q is a power of the prime number p. Recall that k denotes an algebraic closure 
of F q . Let G XQ and Gc denote the Bruhat-Tits group schemes over D whose D-valued points 
are K and I respectively. Their reductions over the residue field ¥ q are denoted by G XQ and Gc- 
Note that G = G Xo ($) = G c (#). By [29, 3.4.2, 3.7 and 3.8], G XQ is connected reductive and ¥ q - 
split. Therefore we have G° c (0) = G c (0) = I and G° (D) = G X0 (O) = K. Denote by K x the 
pro-unipotent radical of K. The quotient K/Ki is isomorphic to G xo (¥ q ). The Iwahori subgroup 
I is the preimage in K of the F^-rational points of a Borel subgroup B with Levi decomposition 
B = T N. The pro-p Iwahori subgroup I is the preimage in I of N(F 9 ). The preimage of T(F 9 ) is 
the the maximal compact subgroup T° of T. Note that T°/T 1 = I/I = T(F 9 ) where T 1 := T°nl. 

1.2.1. Affine root datum. To the choice of T is attached the root datum ($,X*(T),$,X*(T)). 
This root system is reduced because the group G is J-split. We denote by 2B the finite Weyl 
group 2Vq(T)/T, quotient by T of the normalizer of T. Recall that s/ denotes the apartment 
of the semisimple building attached to T ([29] and [27, 1.1], and we follow the notations of [24, 
2.2]). We denote by ( . , . ) the perfect pairing X*(T) x X*(T) -)■ Z. We will call coweights 
the elements in X*(T). We identify X*(T) with the subgroup T/T° of the extended Weyl 
group W = Nq(T)/T° as in [29, 1.1] and [27, LI]: to an element g G T corresponds a vector 
v(g) el« z X*(T) defined by 

(1.5) (v(g), x) = ~ vak(x(g)) for any X G X*(T). 

and v induces the required isomorphism T/T° = X*(T). The group T/T° acts by translation 
on srf via v. The actions of 2B and T/T° combine into an action of W on srf as recalled in 
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[27, page 102]. Since xo is a special vertex of the building, W is isomorphic to the semidirect 
product 2U X X* (T) where we see 213 as the fixator in W of any point lifting xq in the extended 
apartment ([29, 1.9]). A coweight A will sometimes be denoted by e A to underline that we see it 
as an element in W, meaning as a translation on si ' . 

Denote by & a ff the set of affine roots. The choice of the chamber C implies in particular 
the choice of the positive affine roots &aff taking nonnegative values on C. The choice of xq 
as an origin of A implies that we identify the affine roots taking value zero at xq with <3?. We 
set <E> + := &aff ^ ^ an d = ~ < ^ )+ - The affine roots can be described the following way: 
$ a// = $ X Z = $+ f U $~ ff where 

:= {(a,r), a G r > 0} U {(a,0), a G $ + }. 

Let n be the basis for <1> + : it is the set of simple roots. The finite Weyl group Q2J is a Coxeter 
system with generating set S := {s a , a G 11} where s a denotes the (simple) reflection at the 
hyperplane ( . , a) = 0. Denote by ■< the partial ordering on X+(T) associated to II. Let Ii m be 
the set of roots in that are minimal elements for <. Define the set of simple affine roots by 
n a jj := {(a, 0), a G 11} U {(a, 1), a G II m }. Identifying a with (a, 0), we consider II a subset of 
LI a jj. For A G II a jj, denote by sa the following associated reflection: sa = s a if A = (a, 0) and 
•sa = s aC a ii A= (a, 1). The action of W on the coweights induces an action on the set of affine 
roots: W acts on $ a // by we x : (a, r) h-» (wa, r — (A, a)) where we denote by (w, a) h-» wa the 
natural action of 2U on <3?. The length on the Coxeter system (2U, S 1 ) extends to W in such a way 
that the length £(w) of w G W is the number of affine roots A G &aff sucn that w(A) G 
It satisfies the following formula, for every A G Tl a ff and G W: 

(1.6) ^J'M + L »-C^»ir/. 

[((w)-l itw(A)€9- fl . 

The affine Weyl group is defined as the subgroup W // of W generated by S a ff := {sa, A £ 
Q a ff}. The length function t restricted to W tt // coincides with the length function of the 
Coxeter system (W a //,5 //) ([4, V.3.2 Thm l(i)]). Recall ([21, 1.5]) that W aff is a normal 
subgroup of W: the set O of elements with length zero is an abelian subgroup of W and W is 
the semidirect product W = Hk W a //. The length t is constant on the double cosets of W mod 
S7. In particular £1 normalizes S a ff. 

The extended Weyl group W is equipped with a partial order < that extends the Bruhat 
order on W a ff. By definition, given w = uw a ff, w = u'w' a ff G x W a j^, we have w < w' if 
oj = u)' and w a ff < w' a ff in the Bruhat order on W a // (see for example [13, 2.1]). 

We fix a lift w G A^q(T) for any w G W. By Bruhat decomposition, G is the disjoint union of 
all Iwl for w G W. 
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1.2.2. Orientation character. The stabilizer of the chamber C in W is S7. We define as in [23, 3.1] 
the orientation character ec '■ O — > {±1} of C by setting ec(^) = +1, resp. —1, if uj preserves, 
resp. reverses, a given orientation of C. Since W/W a jj = we can see ec as a character of W 
trivial on W a jj. By definition of the Bruhat order on W, we have ec(w) = ec(w') for w, w' G W 
satisfying w < w' . 

On the other hand, the extended Weyl group acts by affine isometries on the Euclidean space 
gf. We therefore have a determinant map det : W — > {±1} which is trivial on X*(T). An 
orientation of C is a choice of a cyclic ordering of its set of vertices (in the geometric realization 
of srf). Therefore, det(w) is the signature of the permutation of the vertices of C induced by 
uj G Q and det(w) = ec(uo)- 

Lemma 1.2. (1) For w G W a // we have det(u>) = (—l)^ w \ 

(2) For A G X*(T), we have ec(w) = (— l)^( eA ) for any w G W such that w < e x . 

Proof. The first point comes from the fact that det(s) = — 1 for s G S a ff. For the second one, 
by definition of the Bruhat order, it is enough to prove that e c (e x ) = (-1)^) for A G X*(T). 
Decompose e x = 0JW a ff with w G W a jj and uj G fl. Recall that uj has length zero. Since ec 
is trivial on W a //, we have ec(e x ) = ec(uj) = det(w). Since det(e A ) = 1 we have det(w) = 
det(w aff ) = (-l)^K//) = (-l)^ eA ). 

□ 

1.2.3. Distinguished cosets representatives. 

Proposition 1.3. i. The set D of all elements d G W satisfying d(& + ) C &aff ^ s a s V s ^ em 

of representatives of the left cosets W/2U. It satisfies 

(1.7) £(dw) = t{d) + l(w) for anyweW and deV. 

In particular, d is the unique element with minimal length in d2B. 

ii. An element d can be written uniquely d = we~ x with A G X+(T) and w G 22J. We 
then have £(e~ x ) = l^ 1 ) + 1(d). 

iii. For s G S a ft and d G T>, we are in one of the following situations: 

• £(sd) = 1(d) — 1 in which case sd G T>. 

• £(sd) = 1(d) + 1 in which case either sd G T> or sd G dW. 

Proof. This proposition is proved in [22, Lemma 2.6, Prop. 2.7] in the case of G = GL n ($). It 
is checked in [23, Prop. 4.6] that it remains valid for a general split reductive group (see also 
[24, Prop. 2.2] for ii), except for point iii when s G S a ff — S. We check here that the argument 
goes through. Let s G S a fj and A the corresponding affine root. Let d G T> and suppose that 
sd G" V, then there is (3 G n such that sd/3 G $aff wm l e d/3 G ®aff ^ implies that d(3 = A 
which in particular ensures that d^A G anc ^ therefore £(sd) = £(d) + 1. Furthermore, 

d _1 sd = s^-^a = Sfs G 2H. 
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□ 

Recall that there is an action of the group G on the semisimple building 3£ recalled in [27, 
page 104] that extends the action of Nq(T) on the standard apartment. For F a standard facet, 
we denote by the stabilizer of F in G. 

Proposition 1.4. i. The Iwahori subgroup I acts transitively on the apartments of X 
containing C . 

ii. The stabilizer y£ of xo acts transitively on the chambers of containing x$ in their 
closure. 

iii. A G-conjugate of xq in the closure of C is a 7q- conjugate of xq. 

Proof. Point i is [6, 4.6.28]. For ii, we first consider C a chamber of containing xq in its 
closure. The group W acting transitively on the chambers of there is d G D and wq G 2B 
such that C = WQdr l C and C contains oIxq in its closure. By [23, Proposition 4.13 L], it implies 
that dC = C so that C = w$C or C = wqC where wo G K n Nq(T) denotes a lift for wq. Now 
let C" be a chamber of 3£ containing xq in its closure. By [5, Corollaire 2.2.6], there is k G 7 X q 
such that kC" is in si ' . Applying the previous observation, C" is a J^o-conjugate of C . Lastly, 
let gxQ (with g G G) be a conjugate of xq in the closure of C. By ii, the chamber g~ l C is of the 
form kC for k G y£ which implies that gk G "Pq and gx$ is a T^L-conjugate of xq. 

□ 

Remark 1.5. By [23, Lemma 4.9], is the disjoint union of all ItDI = CjI for u £ Q. Therefore, 
a G-conjugate of xq in the closure of C is a & c n A r c(T)-conjugate of xq. 

1.2 A. Weyl chambers. The set of dominant coweig hts X+(T) is the set of all A G X*(T) such that 
(A, a) > for all a G < & + . It is called the dominant chamber. Its opposite is the antidominant 
chamber. A coweight A such that (A, a) > for all a G $ + is called strongly dominant. By [7, 
Lemma 6.14], strongly dominant elements do exist. 

We call a facet F of stf standard if it is a facet of C containing xq in its closure. Attached to 
a standard facet F is the set $j? of all roots taking value zero on F and the subgroup 22Jf of 
2H generated by the simple reflections stabilizing F. Let := <3? + n &f and &p ■= <3? - n <3?_f. 
Define the following Weyl chamber in X*(T) as in [24, 4.1.1]: 

<£+{F) = {A G X*(T) such that (A, a) > for all a G ($+ - U 

and its opposite c £~ (F) = — C if + (F). They are respectively the images of the dominant and 
antidominant chambers by the longest element in 2Up. 

By Gordan's Lemma ([19, p. 7]), a Weyl chamber is finitely generated as a semigroup. 
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1.2.5. We follow the notations of [24, 2.2.2, 2.2.3]. Recall that T 1 is the pro-p Sylow subgroup 
of T°. We denote by W the quotient of Nq(T) by T 1 and obtain the exact sequence 

T^T 1 W -> W ->• 0. 

The group W parametrizes the double cosets of G modulo I. We fix a lift w G Nq(T) for any 
w G W and denote by t w the characteristic function of the double coset Iwl. The set of all 
( T w) w& w is a Z-basis for which was defined in the introduction to be the convolution ring of 
Z-valued functions with compact support in I\G/I. For g G G, we will also use the notation r g 
for the characteristic function of the double coset Igl. 

For Y a subset of W, we denote by Y its preimage in W. In particular, we have the preimage 
X*(T) of X^T). As well as those of X*(T), its elements will be denoted by A or e A and called 
coweights. For a G <£, we inflate the function (. , a) defined on X*(T) to X*(T). We still call 
dominant coweights the elements in the preimage X^!"(T) of X+(T). For a a sign and F a 
standard facet, we consider the preimage of ^"{F) in X„,(T) and we still denote it by c & a {F). 

The length function I on W pulls back to a length function i on W ([31, Prop. 1]). For 
u, v G W we write u < v (resp. u < v) if their projections u and v in W satisfy u < v (resp. 
u < v). 

1.2.6. We emphasize the following remark which will be important for the definition of the 
subalgebra Z (JIi) of the center of Hg. 

For A G X+(T), the element \(w~ l ) G A^g(T) is a lift for e A seen in W by our convention 
(1.5). The map 

(1.8) A G X*(T) -> [A^-^modT 1 ] G X*(T) 
is a 2B-equivariant splitting for the exact sequence of abelian groups 

(1.9) o^tVt 1 — >-X»(T) -^-X»(T) — >-0. 

We will identify X*(T) with its image in X*(T) via (1.8). Note that this identification depends 
on the choice of the uniformizer zu. 

Remark 1.6. We have the decomposition of W as a semidirect product W = 2U ix X^T) where 
2U denotes the preimage of 2B in W. 

1.2.7. Pro-p Hecke rings. The product in is described in [31, Theorem 1]. It is given by 
quadratic relations and braid relations. Stating the quadratic relations in the generic pro-p 
Hecke ring requires some more notations. Since we are only going to use them in where they 
have a simpler form, we postpone their description to 1.2.8. We recall here the braid relations: 

(1.10) t ww i = t w t w i for w, w G W satisfying i(ww) = £(w) +£(w'). 
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The functions in H^ with support in the subgroup of G generated by all parahoric subgroups 
form a subring HS called the afhne subring. It has Z-basis the set of all t w for w in the 
preimage W tt // of W a // in W (see for example [23, 4.5]). It is generated by all r s for s in the 
preimage S a ff of S a ff and all tj for t G T°/T 1 . 

There is an involutive automorphism defined on Hz <£>z Z[g ±1//2 ] by ([31, Corollary 2]): 

(l.H) i:r w ^{-qf^r-\. 

and it actually yields an involution on Hz- Innate the character ec : W — > {±1} defined in 1.2.2 
to a character of W. We define the following Z-linear involution vc of Hz by: 

vc(t w ) = £c(w)t w for any w G W. 

It is the identity on the affine subring H^/A We will consider the following Z- linear involution 
on H z : 

(1.12) l c = iov g . 

Remark 1.7. The involution ic fixes all for w G W with length zero. 

1.2.8. Idempotents. Let R be a ring containing an inverse for ((/1r — 1) and a primitive (q — l) th 
root of 1r. The group of characters of T°/T 1 ~ T(F Q ) with values in R x is isomorphic to the 
group of characters of T(F g ) with values in F* which we denote by T(F Q ). To £ G T(F 9 ) we 
attach the idempotent element eg G Hr as in [31] (definition recalled in [24, 2.3.4]). The sum of 
all eg is the identity in Hr. 

The field k is an example of ring R as above. We now turn to the quadratic relations in H^. 
For A G n a jj, choose the lift ua G G for sa defined after fixing an epinglage for G as in [31, 
1.2] (recalled in [24, 2.2.5]). For f G T(F 9 ), we have in H fc : 



(1.13) 



if sa-C = £ then e^ A = -e ? r„ A 

2 



if SA-i ^ £ then egr* A = 



Remark 1.8. In H^ we have r„ A L(Tn A ) = for all A G Sa//- Furthermore, i(r nA ) + r„ A lies in 
the subalgebra of Hfc generated by all r t , t G T°/T 1 , or equivalently by all eg, £ G T(F 9 ) (see 
[24, Remark 2.10] for an explicit formula). 

1.2.9. Parametrization of the weights. The functions in H^ with support in K form a subring 
Jqz- It has Z-basis the set of all r w for w G 2B. Denote by fj^ the /c-algebra Sj% A;. The simple 
modules of fj^ are one dimensional [28, (2.11)]. 

An irreducible smooth /^-representation of K is called a weight. By [9, Corollary 7.5] the 
weights are in one-to-one correspondence with the characters of 9)k via P p l - To a character 
X '■ hk — > k is attached the morphism \ '■ T°/T 1 — > k x such that x(i) = xi T t) for all t G T°/T 1 
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and the set II X of all simple roots a G II such that x ls fixed by s a . We then have x( T s a ) = 
for all a G II — LI X , where s a G W is any lift for s a G W. We denote by II X the subset of all 
a G LI X such that x( T s a ) = 0. The character x is determined by the data of % an d n x (see also 



Remark 1.9. Choosing a standard facet F is equivalent to choosing the subset Hp of II of the 
simple roots taking value zero on F. The standard facet corresponding to LI X in the previous 
discussion will be denoted by F x . 

2. On the center of THE PRO-p Iwahori Hecke algebra in characteristic p 

2.1. Commutative subrings of the generic pro-p Hecke ring. Let a be a sign and F a 
standard facet. 

As in [24, 4.1.1], we introduce the multiplicative injective map 



9£ :X*(T) ^H z ® Z Z[? ±1/2 ] 
and the elements S£(A) := q^l 2 Q F (\) for all A G X*(T). Recall that SJ,(A) = r e A if A G 



< ^" r (i ? ) (and this remark is sufficient to retrieve the formula for 23^ (A) for a general A). The 
map "Bp does not respect the product in general, but it is multiplicative when restricted to any 
Weyl chamber (see [24, Remark 4.3]). 



For any coweight A G X*(T), the element r B F (X) lies in H^. Furthermore combining Lemma 
1.2(2) and [24, Lemmas 2.11 and 4.4]: 



We consider the commutative subring A a F := n Im.[Q F ). By [24, Prop. 4.5], it is a free 
Z-module with basis the set of all "B F (X) for A G X*(T). Since the Weyl chambers (in X*(T)) 
are finitely generated semigroups, A F is finitely generated as a ring. 

Remark 2.1. Note that 23 J = S~ (resp. 23^, = 13^) coincides with the integral Bernstein map 
E + (resp. E) introduced in [31] and Aq (resp. A^) with the commutative ring denoted by 
^4+,(i) ( resp . ^(i)) i n [31 j Theorem 2}. 

The following is a direct consequence of the "fundamental lemma" proved in [13, §5] and 
adapted to the pro-p- Iwahori Hecke algebra in [31, Lemma 13]. 

Lemma 2.2. Let F be a standard facet and a a sign. For any A G X*(T) ; we have 



where a w G Z and w ranges over the set ofwGW such that w < e . For those w, we have in 
particular £(w) < £(e x ). 



[24, 3.4]). 



(2.1) 



icCB+(A)) = 3S F (\). 
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Identify X*(T) with its image in X*(T) via (1.8). We denote by (Ap)° the intersection 

(A F )° :=H z ne ff F (x t (T))af. 

A Z-basis for (-4.^)° is given by all H> F (A) for A E X*(T). It is finitely generated as a ring. 

Proposition 2.3. The commutative "L-algebra A F is isomorphic to the tensor product of the 
Z-algebras Zf^/T 1 ] and (A F )° . 

Proof. Since the exact sequence (1.9) splits, A F is a free (^.^)°-module with basis the set of all 
T t for t £ TO/T 1 . Recall indeed that B£(A + t) = 'B+(A)r t = r t SJ,(A) for all A G X*(T) and 
t G T°/T 1 . □ 

2.2. On the center of the generic pro-p Hecke ring. Recall the following result proved in 
[31, Theorem 4]. The ring H^ is finitely generated as a module over its center Z(H.%) = (Aq) w 
and the latter has Z-basis the set of all 

(2.2) £ S+(A0 

\'eo 

where O ranges over the 2B-orbits in X*(T). Moreover, Z(H%) is a finitely generated Z-algebra. 
One can also find a proof of those results in [26] where abstract pro-p-Hecke algebras are intro- 
duced. This work was brought to my attention by P. Schneider. 

2.2.1. We denote by Z°(Hz) the intersection of (Aq)° with Z(Hz). It has Z-basis the set of all 

(2.3) z x := S c( A ') for A e X+(T) 

A'eO(A) 

where we denote by O(X) the 2B-orbit of A. 

Proposition 2.4. (1) The left (resp. right) (A^) -module H^ is finitely generated. 

(2) As a Z c '(Hz) -module, H^ is finitely generated. 

(3) Z°(Hz) is a finitely generated Z-algebra. 

Proof. Using Proposition 2.3 and [31, Theorems 3 and 4] which state that H^ is finitely generated 
over A~£ (see Remark 2.1), we see that Hg is finitely generated over (Aq)°. The other statements 
follow from [3, §1 n. 9 Thm 2] because Z°(H.z) is the ring of 2JJ-invariants of (Aq)° and Z is 
noetherian. □ 

2.2.2. Given a ring R, we denote by Hr the R-algebra Hz ®% R: we identify q with its image 
in R. We denote by Z(R R ) (resp. (A^)r, (A^)° r and Z°(R R )) the image of Z(R Z ) (resp. A%, 
(Aq)° and Z°(Hz)) in Hr. By the work of [26], Z(Hr) is not only contained in but equal to 
the center of Hr. 
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For A G X*(T) and w G W, we denote the elements "Bp(X) (resp. t w ) and their respective 
images in Hr, identically. An R-basis for Z°(Hr) is given by the set of all z\ for A G X+(T), 
where again we identify the element z\ with its image in Hr. 

From Proposition 2.4 we deduce: 

Proposition 2.5. Lei R be afield. A morphism of 'H-algebras 2°(Hr) — > R can be extended to 
a morphism of R- algebras JJ(Hr) — > R. 

2.2.3. The ring H z is only determined by the choice of the chamber C. In the process of 
constructing Z°(Hz), we first fixed a hyperspecial vertex xq of C and then an apartment srf 
containing C. 

Proposition 2.6. The construction of the ring Z (Hz) is not affected by 

• the choice of another apartment s/ 1 containing C . 

• the choice of another vertex x' Q of C provided it is G-conjugate to xq. 

Proof. Let g be in the stabilizer of C in G. Let T' := gTg' 1 and x' = gxog^ 1 . The apartment 
gf' corresponding to T' contains C and x' is a hyperspecial vertex of C. Starting from T' and x'q 
we proceed to the construction of the corresponding commutative subring Z° (Hz)' of the center 
of Hg. Since g G J^, we have Igl = IoA = ICj for some u G f2. Since this element u; has length 
zero, for A G X*(T) the characteristic function of lg\(zu)g~ 1 l is equal to the product TgTx^r" . 
Therefore, the restriction to X*(T) of the new map (23 J)' corresponding to the choice of x' and 
T' is 

Z[X,(T')] — >■ H z , A i-)- rpS+^A^r- 1 . 
The element z' x G Z (K%)' corresponding to the choice of A G X+(T') = gXf(T)g~ 1 is therefore 
T g z g- 1 Xg T g 1 = z 9-^g- We have P roved tnat Z°(H Z )' = 2° (Hz). 
By Proposition 1.4 i and Remark 1.5 

• changing into another apartment <s/' containing C and 

• changing xq into another vertex x' of C which is G-conjugate to xo 

can be made independently of each other by conjugating by an element of I and of IP^ n Nq(T) 
respectively. We have checked that these changes do not affect Z°(]rt%). 

□ 

If G is of adjoint type or G = GL n , then all hyperspecial vertices are conjugate ([29, 2.5]): 

Corollary 2.7. If G is of adjoint type or G = GL n , then Z°(H%) depends only on the choice 
ofw. 
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2.3. An affine semigroup algebra in the center of the pro-p Iwahori Hecke algebra in 
characteristic p. We will use the following observation several times in this subsection. Let F 
be a standard facet and a a sign. For fJ,i,fJ,2 G X*(T), we have in H^: 



(2.4) %U^f(^) 



"Bpd^i + fi2) if Mi and A*2 He in a common Weyl chamber 
otherwise. 



In H z O z 1[q ±l / 2 ] we have indeed 'B F (fi 1 )'B F (fi 2 ) = <p{* 1 M^)-W i+n ))l*W F ( Jil + M2 ). If 
fii and H2 he in a common Weyl chamber, then ^(e^ 1 ) + £(e^ 2 ) — £(e Ml+M2 ) is zero; otherwise, 
there is a G II satisfying (pi, a)(n2, oc) < which implies that this quantity is > 2. Projecting 
in Hfc, we obtain the result. 

2.3.1. The structure of Z°{B. k ). 
Proposition 2.8. The map 

(2.5) 

is an isomorphism of k-algebras. 



k[X+(T)] -> Z°(H fc ) 
A i — >■ z x 



Proof. We already know that (2.7) maps a /c-basis for fc[X+(T)] onto a /c-basis for iJ°(Hfc). We 
have to check that it respects the product. Let Ai, A2 G X+(T) with respective 2U-orbits 0(Ai) 
and 0(A2). We consider the product 



AtieO(Ai), At2 eO(A2) 

A Weyl chamber in X*(T) is a 2U-conjugate of Xj(T). Given a Weyl chamber and a coweight 
(in X*(T)), there is a unique SB-conjugate of the coweight in the chosen Weyl chamber. The 
map (/xi, ^2) >— > Mi + A*2 yields a bijection between the set of all (/ji,/^) G C(Ai) x 0(A2) such 
that /ii and fj>2 lie in the same Weyl chamber and the 22J-orbit C(Ai + A2) of Ai + A2: it is 
indeed surjective and one checks that the two sets in question have the same size using that the 
stabilizer in 2U of Ai + A2 is the intersection of stabilizer in 2U of Ai with the stabilizer of A2. 
Together with (2.4), this proves that z\ 1+ \, 2 = z\ x Z\ 2 . □ 

2.3.2. Since X*(T) is a free abelian group (of rank dim(T)), the fc-algebra fcpd^T)] is isomorphic 
to an algebra of Laurent polynomials and has a trivial nilradical. By Gordan's Lemma ([19, p. 7]), 
X+(T) is finitely generated as a semigroup. So fc[X+(T)] is a finitely generated fc-algebra and its 
Jacobson radical coincides with its nilradical (see for example [Milne, A primer of commutative 
algebra, Prop 11.8]). The Jacobson radical of Z (Hk) is therefore trivial. 

Proposition 2.9. The Jacobson radical of 2(13.^) is trivial. 
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Proof. Since Z{K k ) is a finitely generated /c-algebra contained in (Aq)^ it is enough to prove 
that the nilradical of (A^k is trivial. By Proposition 2.3, the /c-algebra (A^<)k is isomorphic to 
the tensor product of A;[T /T 1 ] by (^+)° and since k has characteristic p, the /c-algebra fc[T°/T 1 ] 
is semisimple. Therefore, it remains to prove that the nilradical of {A^)° k is trivial. 
By definition (see the conventions in 2.2.2), the image of the /c-linear injective map 

£+ : MX*(T)] — > H fc 

coincides with {A^)° k . 

Fact i. Let Ao E X+(T) be a strongly dominant coweight. The ideal of (Aq)^, generated by 
S^(Ao) coincides with the image of the k-linear injective map 

S+ : k[X+(T)} — > H fe , A h-> S+(A + A ). 

Its only nilpotent element is zero. 

A generic element a E (A^)! is a /c-linear combination of elements 23 J (A) for A E X*(T) and 
we say that A E X*(T) is in the support of a if the coefficient of S^(A) is nonzero. Suppose that 
a is nilpotent and nontrivial. After conjugating by an element of 2B, we can suppose that there is 
an element in X+(T) in the support of a. Then let Ao E X+(T) be a strongly dominant element. 
The element aS^(Ao) is nilpotent and by (2.4) it is nontrivial. By Fact i, we have a contradiction. 

Proof of the fact: The first statement comes from (2.4). The restriction of 23^ to /c[X+(T)] 
being an injective morphism of algebras, its image does not contain any nontrivial nilpotent 
element. It proves the fact. 

□ 

Since k is algebraically closed, we have: 

Corollary 2.10. Let z E Z(H k ). If ((z) = for all characters £ : Z(R k ) k, then z = 0. 

2.3.3. The center of the Iwahori-Hecke k-algebra. Let R be a ring containing an inverse for 
((/Ir — 1) and a primitive (q — l) th root of 1r. We can apply the observations of 1.2.8 and 
consider the algebra 

H R (0 := e 5 H R e c . 

It can be seen as the algebra 7i(G,I, of G-endomorphisms of the representation e^indplR 
which is isomorphic to the compact induction indj £ _1 of seen as a R-character of I trivial 
on I: denote by Ij^-i E indp^ -1 the unique fonction with support in I and value 1r at 1q, then 
the map 

(2.6) Hr(0 -> %(G,I, £ -1 ), ^[l^nHy-xh] 
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gives the identification. In particular, when £ = 1 is the trivial character, then the algebra 
Hr(1) identifies with the usual (and most studied) Iwahori-Hecke algebra H R = R[I\G/I] with 
coefficients in R. 

Remark 2.11. Let £ G T(F ? ). We have inclusions 

e 5 Z°(H R ) C e 5 Z(H R ) C Z(H R (£)) 

where the latter space is the center of H R (£). The inclusion e^°(H R ) C ^(H R (e^)) is strict in 
general. Choose £ with trivial stabilizer in 2U. Then one easily checks that Hr(£) is commutative 
with an R-basis indexed by the elements in X*(T) (see the example of GL2(3 r ) and R = k in [2, 
Proposition 13]) whereas a R-basis for e^Z°(H R ) is indexed by X+(T) by Proposition 2.8. 

If £ = 1 however, and more generally if £ is fixed by all elements in 22J, these inclusions are 
equalities: one easily checks by direct comparison of the basis elements (2.2) and (2.3) that the 
first inclusion is an equality. The second one comes from the fact that is a central idempotent 
in H R . In particular we have: 

Theorem 2.12. The center of the Iwahori-Hecke k-algebra fc[I\G/I] is isomorphic to fc[X+(T)]. 
Proof. The map 

(27) k[X+(T)\ — > e 1 Z(R k ) 

A I > t\Z\ 

is surjective by the previous discussion. It is easily checked to be injective using Lemma 2.2. 
Compare with [30, (1.6.5)]. □ 

3. The central Bernstein functions in the pro-p Iwahori-Hecke ring 
Let O be a 2B-orbit in X*(T). We call the central element of 

(2.2) zo := £ £+(A') 

\'eo 

the associated central Bernstein function. 

3.1. The support of the central Bernstein functions. For h G Hg, the set of all w G W 

such that h(w) ^ is called the support support of h. For O a 2B-orbit in X*(T) we denote by 
to the common length of all the coweights in O. 

Lemma 3.1. Let O be a W-orbit in X*(T). The support of zq (resp. lc( z o)) contains the set 
of all e M for \i G O. Any other element in the support of zq (resp. ic( z o) ) has length < Iq. 



Proof. This is a consequence of Lemma 2.2 (and (2.1)). 



□ 
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Proposition 3.2. The involution ic fixes the elements in the center Z(R%) o/Hz. 

In particular, for O a W-orbit in X*(T), the element Ylx'eO ®c(^') e Bz ^ oes no ^ depend on 

the sign a. 

Proof. A Z-basis for 2(fiz) is given by the central Bernstein functions where ranges over 
the 2B-orbits in X*(T). We prove that ic fixes zq by induction on Iq. 

If = 0, then we conclude with Remark 1.7. Let a 2B-orbit in X*(T) such that to > 0. 
The element ic(zo) is central in H^. By the previous lemma one easily sees that that ic[zo) 
decomposes as a sum 

Uj{zo) = z + ^2 a O'ZO' 
O' 

where C ranges over a finite set of 233-orbits in X„,(T) such that Iq 1 < to- By induction 
hypothesis and applying the involution vq we get 

zo = lc(zo) + ^2 a O' z O' 

so that 2(1(2:0) — zo)) = 0. Since H^ has no Z-torsion, i(zo) = zo- The second statement 
follows from (2.1). 

□ 

When G is semisimple, the projection in H& of the equality proved in Proposition 3.2 can be 
obtained independently using the duality for finite length H^-modules defined in [23]: 

Proposition 3.3. Suppose that G is semisimple. The element ^2x'eO ^c(^') ^ Bfc is fixed by 
the involution Lc and therefore does not depend on the sign a. 

Proof. We suppose that G is semisimple. Let O be a 2U-orbit in X*(T). We want to prove that 
in Hfc we have zq = ic(zo)- 

Let C : ^(Hjfc) — > k a character and M = H^ ®2.(K k ) C the induced H^-module. It is a finite 
dimensional /c-module and therefore, by [23, Corollary 6.12] we have and isomorphism of right 
Hfc-modules 

Exd (M,R k ) = Rom k (i c M,k) 

where d is the semisimple rank of G and i* c M denotes the left H^-module M with action twisted 
by the involution defined by (1.12). The category of left H^-modules is naturally a 2(Hfc)-linear 
category so that for X and Y two given left H^-modules, Ext rf (X, Y) inherits a structure of 
central 2(Hjt)-bimodule. The right H^-module Ext*~ (M, H^) therefore has a central character 
equal to £. On the other hand, Hom k (i c M,k) has C L c as a central character. Therefore, 
C( z o) = C° v c{zo)- By Corollary 2.10, we have the required equality zo = Uj{zo)- 
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3.2. Statement of the "flower" lemma. The following lemma will be proved in 3.3.3. 
Lemma 3.4. For O a W-orbit in X*(T), the element 

AeO 

in does not depend on the choice of the standard facet F and of the sign a. 

Corollary 3.5. The center of is contained in the intersection of all the commutative rings 
Ap for F a standard facet and a a sign. 

In the case of G = GL3(J), there are 4 standard facets: the vertex xq, the chamber C and two 
edges F\ and F2. The corollary is illustrated by the diagram below. 




3.3. Inducing the generalized integral Bernstein functions. We study the behavior of 
the integral Bernstein maps upon parabolic induction and then prove Lemma 3.4. 

3.3.1. Consider a semistandard Levi subgroup of G. It corresponds as in [24, 2.3.3] to the 
choice of standard facet F and we denote it by M^. The root datum attached to the choice 
of the split torus T in M F is , X*(T), $ F , X*(T)) (notations in 1.2.4). The extended Weyl 
group of M F is W F = (iY G (T)nM jF )/T°. It is isomorphic to the semidirect product W F t< X*(T) 
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where W F is the finite Weyl group (N G (T) n M F )/T (also defined in 1.2.4). We denote by l F 

its length function and by < the Bruhat order on W F . 

F 

Set W F = (N G (T) HMfj/T 1 . It is a subgroup of W. The double cosets of M F modulo its 
pro-p Iwahori subgroup l(lM F are indexed by the elements in W F . For w G Wf, we denote 
by t£ the characteristic function of the double coset containing the lift w for w (which lies in 
G Nq(T) n M F ). The set of all (t£) W £w f is a basis for the pro-p Iwahori Hecke ring Hg(M.p) 
of the Z-valued functions with compact support in (I n M^)\M^/(I n Mp). The ring Hz(Mj?) 
does not inject in in general. 

An element in w G Wf is called F-positive if w~ 1 (& + — C $aff ^ or exam ple f° r 
A G X*(T), the element e x is F-positive if (A, a) > for all a G <3? + — $> F . In this case, we 
will say that the coweight A itself is .F-positive. If furthermore (A, a) > for a G <I )+ — Q F 
and (A, a) = for a G <3?^, then it is called strongly F-positive. The F-positive coweights are 
the 2Bi?-conjugates of the dominant coweights. An element in Wf is F-positive if and only if it 
belongs to %Ofg x Wf for some F-positive coweight A G X*(T). If \i and v G X*(T) are F-positive 
coweights such that ju — z/ is also F-positive, then we have the equality (see [24, 1.2] for example) 

(3.1) l{e^ v ) + l{e v ) - £(e") = £ F (e^) + t F (e v ) - If^) 

An element in Wp will be called F-positive if its projection in Wp is F-positive. 

The subspace of Kz(Mf) generated over Z by all for F-positive w G Wf is denoted by 
Hz(Mf) + ■ It is in fact a ring and there is an injection of rings 

j+: R Z (M F ) + — >• Hz 

T F , v T 

* w ' r <w 

which extends to an injection of Z[g =tl / 2 ]-algebras 

j F : H Z (M F ) ® z Z[q^/ 2 ] -> H z ® z Z[q ±x l 2 ]. 
This is a classical result for complex Hecke algebras ([7, (6.12)]). The argument is valid over 

Remark 3.6. An element to G Wf is called F-negative (resp. strongly F-negative) if w^ 1 is 
F-positive (resp. strongly F-positive) and as before, ~H.z(Mf) contains as a subring the space 
Hz(Mf) - generated over Z by all t£ for F-negative w G Wf- There is an injection of rings 
j F : Kz(M F )~ — ► H z ,r^ i — > t w . 

Fact ii. Let v G Wf such that v < e x for A G X*(T) a F-positive coweight. Then v is F-positive. 

F 

Proof. Suppose first that A is dominant. Then the claim is [24, Lemma 2.9.ii]. In general, A is a 
2Hir-conjugate of a dominant coweight Aq: there is u G 2H_f such that e A = ue A °u _1 . We argue 
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by induction on £p(u). Let s be a simple reflection in 2Bj? such that £p(su) = tp{u) — 1. By 
the properties of Bruhat order (see [13, Lemma 4.3] for example), one of v, vs, sv, svs is < se x s 

F 

and by induction this element is F-positive, which implies that v is a F-positive. 

□ 

3.3.2. Let F 1 C C be another facet containing xo in its closure such that F C F' . It means 
that §f> C $ F and C Let be the multiplicative map constructed as in 2.1 with 
respect to the root data attached to Mp: 

F @+ : Z^^p^T)] — > H Z (M F ) ® z Z^ 1 / 2 ]. 

The corresponding integral map is denoted by f^f' and defined by pSj, (A) = q iF ( e> ")/ 2 j?0+,(A) 
for all A E X*(T). It satisfies F Sjv(A) = r£ if (A, a) > for all a E (<3? F — U 

Remark 3.7. If F = xo then xo 23^, = 25^,. 

Lemma 3.8. Xei A E X^T) 6e an F-positive coweight. Then ^ B^,(A) Zies zn Hz(M^) + and 

(3.2) j+( F S+(A)) = B+(A). 

Proof. Decompose A = n — v with fj,, v E C £ + (F'). Then in H^(Mir) ®z Zfa^ 1 / 2 ] we have 
F S+ (A) = g^( eA ) + ^( e ")-^( eM ))/ 2 Tj;(r^)- 1 . By Lemma 2.2 applied to the pro-p Iwahori-Hecke 
algebra of Hg(Mj?), it decomposes in Hz(M.p) into a linear combination of for n; E Wp where 
the projection w of u> in W F satisfies u; < e\ Fact ii ensures that those w (and w) are F-positive. 

Now, jp respects the product and 

j+CfB£ (A)) = (A)) = g («^(W))/2 T , M -i 

because /i and f are in particular F-positive. Apply (3.1) to conclude. 

□ 

3.3.3. We prove Lemma 3.4. Let O be a 2H-orbit in X*(T). Since B+ = B^ and usin S t 2 - 1 )' 
it is enough to prove 

(3.3) ]>>+(A) = J>+(A) 

for any standard facet F. If F = xq then the result is given by Proposition 3.2. Let F be a 
standard facet such that F / xq. 

1/ Let /i E X*(T) be a F-positive coweight with 2Bp-orbit Of- We have the following identity 
E £+(//) = E ^(fB+(//)) = E = E 

where the first and third equalities come from (3.2) and the second one from Proposition 3.2 
applied to Mj?. . 
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2/ Choose v a strongly .F-positive coweight such that A + v is .F-positive for all A G C Decom- 
pose the 2U-orbit O into the disjoint union of 2Bp-orbits Op for i G {1, ..,r}. Since v lies in 
both X+(T) and tf+(F), we have = "B^,(—u) = ic{r e -»). 

Let % G {1, r} and A G O f . We have in H z ® z 7L[q ±x l 2 \ 

S+(A) = <? ^ S+(A + ^S+C-!/). 

Note that -£(e A ) - £(e A+i/ ) - l{e v ) does not depend on A G Op: since (i/, a) = for all a G 
this quantity is equal to X^e<i>+-$+ K A ' a )l — K A + ^> a )l — K^j a )l which does not depend on the 
choice of A G Op because <I> + — <£p is invariant under the action of 2Bp. Therefore, if we pick a 
representative Aj G A G Op, we have 

53 23+(A) = 9 s ^ S p(A + ^+(-^). 

£(e * ) — £ (e i JrU ) — £{e u ) 

= g a 53 S c( A + ^ci-v) h y 1 / a PP lied to the 2#F-orbit of A + v 

Ago* 

= £ 

Aeo| 

which proves that EagO S f( A ) = ^Aeo s c( A )- 



4. Compatibility between Satake and Bernstein-type isomorphisms in 

CHARACTERISTIC p. 

In this section all the algebras have coefficients in k. Let (p, V) be a weight and v a chosen 
nonzero I-fixed vector. Let x '■ fik ~ * k be the associated character and F x the corresponding 
standard facet (Remark 1.9). Let 1k,v G ind^/7 be the (I-invariant) function with support K 
and value v at 1. By [24, Lemma 3.6], the map 

(4.1) " ( ind ^) f 

induces an H^-equivariant isomorphism. Therefore, 

Z(H fc ) — ► Hom^CCind^Cindgp)*) 
z i — > (1 K) « i-> 1k,v«) 
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is a well-defined morphism of fc-algebras. By [24, Corollary 3.14], passing to I-invariants yields 
an isomorphism of k- algebras 

(4.3) H(G,p) ^Homg^Ondg^Mindg/,) 1 ). 

Composing (4.2) with the inverse of (4.3) therefore gives a morphism of fc-algebras iJ(Hfc) — > 
H(G,p) and we consider its restriction to Z°(H.k): 



(44) ^°(H fc ) — ► H(G,p) 

z i — > (1 K)V ' ^ 1k,«^)- 

For A € X+(T), we denote by G "H(G, p) the image by (4.4) of the central Bernstein function 
z\ defined by (2.3). 



On the other hand, recall that we have the isomorphism ([24, Theorem 4.11]) 
(1-2) 7 : k[X+(T)] ^ H(G,p) 

where T\ for A E X+(T) is defined by 

(4.5) T A : 1k,„m. 1 K)V S+ x (A). 

Proposition 4.1. VKe /lave T A = T A /or a// A G X+(T). 

Proof. It is enough to check that these operators coincide on Ikv Recall that 0(A) denotes the 
2B-orbit of A. 

a/ Let A' G 0(A) and suppose that A' / A. By (2.4), we have (A^B^ (A) = (A)2| (A') = 
in Hfc. It implies that T A (lioB^ (A')) = and therefore that 1k,j;B^ (A') = by [17, Corollary 
6.5] that claims that ind^p is a torsion free T~L(G, /^-module. 

b/ By Lemma 3.4, we have 

3a(1k,u) = Ir^B^CA') + ^ 1 K)U B^(A / ) 

A'eO(A),A'^A 

= ^a(1k,,)+ ^ 1k iV B+(A') 

A'eO(A),A'^A 

= 7a(1k,v) by a/. 

□ 



Proposition 4.1 implies: 
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Theorem 4.2. The diagram 



fc[X+(T)] Z°(R k ) 



(4.6) 



(4.4) 



fc[X+(T)] H(G,p) 



is a commutative diagram of isomorphisms of k-algebras. 

Remark that we have not used the fact that (2.7) is multiplicative. We proved this fact 
beforehand in Proposition 2.8. It can also be seen as a consequence of the commutativity of the 
diagram. 

5. SUPERSINGULARITY 

We turn to the study of the H^-modules with finite length. We consider left modules unless 
otherwise specified. Recall that k is algebraically closed. 

5.1. A basis for the generic pro-p Iwahori Hecke ring. We recall the Z-basis for 
defined in [31]. It is indexed by to £ W and is denoted by (-Ej) TOew in [31]. We will call it 

„, e w because it coincides on X*(T) with the definition introduced in 2.1. Recall that 
we have a decomposition of W as the semidirect product: 

W = 2BkX*(T). 

For wq G 221 set ££(w ) = r Wo and for w = w x G 2H X X*(T), define in H z <g) Z Z[q ±1/2 ]: 

<B+{v,) = ff W«-)-^)-^))/ 2 B+(«^)B+(x) = q^-^l 2 T WQ Q+{x). 

By [31, Thm 2 and Prop 8], this element lies in and the set of all {^c( w ))w£W 1S a Z-basis 
for Hz. 

Remark 5.1. Let d G D and d G W a lift for d. Write (Proposition 1.3) d = woe~ x with wo G SQJ 
and A G X+(T) with £{e x ) = £{d- 1 ) + £(wo). Then in H z ® z Zfe* 1 / 2 ], we have 

(5.1) B+(«J) = ^W^HA^V^t^ 1 = g^rr\ = (-ifM^). 

5.2. Topology on the pro-p Iwahori Hecke algebra in characteristic p. We consider the 
(finitely generated) ideal 3 of Z°(Rk) generated by all z\ for A G X+(T) such that £(e A ) > 
and the associated ring filtration of Z°(Kk)- Any i?°(Hfc)-module M can be endowed with the 
3-adic topology induced by the filtration 

M D 3M D 3 2 M D ... 



An example of such a module is H^ itself. 
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We define on another decreasing nitration (i ? n H i i c ) ng N by fc-vector spaces where 
(5.2) -FnHfc := A;- vector space generated by all 23^ (w) for w G W such that £(w) > n. 

Lemma 5.2. The filtration (5.2) is a filtration of as a right A^-module. In particular, it 
is a filtration o/H^ as a (left and right) Z° (H&) -module. This filtration is compatible with the 
3 -filtration: for all n G N, we have 

Proof Let A G X*(T) and w G W. In H fc , we have £+(u;)£+(A) = if + £{e x ) > £(we x ) 
and !B+(w)S+(A) = £+(we A ) if ^(u>) + £{e x ) = % A ). It proves the claims. 

□ 

Proposition 5.3. The 3-adic topology on H/u is equivalent to the topology on H/u induced by the 
filtration (i ? n Hfc) ne N. In particular, it is independent of the choice of the uniformizer w. 

Proof. The previous lemma ensures that the 3-adic topology on is stronger than the topology 
induced by (F n Hfc) ng N- We have to prove that given m G N, m > 1, there is n G N such that 

Fact iii. For A G X*(T) such that £(e x ) > and for m > 1, we have S+((m + 1)A) G 3 m H fc . 

Proof of the fact. We check that for m G N we have B£((m + 1)A) = z^S^(A). Notice that 
S+(2A) = !B+(A)!B+(A) = z A £+(A) by (2.4). Now let m > 2. We have S£((m + 1)A) = 
B£(mA)B£(A) = 4^£+(A) by induction. 

□ 

Fact iv. let m > 1. There is A m G N suc/i i/iat /or any A G X*(T), if £{e x ) > A m then 

S+(A) g a m ii fc . 

Proof of the fact. Let {z^i > • • • ? ^A r } be a system of generators of 3. Set A m := m YJi=i £(^ Xi ). 
Let A G X*(T) such that £(e x ) > 0. It is 2U-conjugate to an element Ao G X+(T) and one 
can write A = wqXqWq 1 with G 2H and Ao = X^[=i a «^« with aj G N (not all equal to 
zero). If £(e A ) = -£(e A °) > A m , then there is io G {l,...,r} such that ai > m and 23p(A) = 
ni=i B£(oi(w .Ai)) G B+((m + l)(«; -Ai ))H fe C J m H fc by Fact iii. □ 

We know turn to the proof of the proposition. To any wo G 2U corresponds, by [30, (1.6.3)], 
a finite set X(u>o) of elements in X*(T) such that 

for all A G X*(T) there is fi G X(io ) such that £(w e x ) = £{w e^) + £(e A_M ). 

Let w G W with image too by the projection W —> 2B. Its projection w in W has the form 
io = w e x G 2U ix X*(T) and there is n G X(io ) such that £(w) = £{w^) +£{e x ~^). Choose lifts 
wqc^ and e x ~^ in W for woe^ and e A_/ \ The product woe^e x ~L L differs from w by an element 



26 



RACHEL OLLIVIER 



in T°/T 1 (which has length zero). Therefore, < S>q{w) € H^Sj(A — /x) (see the proof of Lemma 
5.2 for example). If £(w) > A m (w ) := A m + max{% e' 1 ), ^ G X(w )} then £(e A_M ) > A m 
and ■B ( t(w) G J m Hfc by Fact iv. We have proved that n > max{yl m (u>o), i^o £ 22J)} implies 

□ 

5.3. The category of finite length modules over the pro-p Iwahori Hecke algebra in 
characteristic p. We consider the abelian category Mod/ 9 (H/ c ) of all H^-modules with finite 
length. 

For a Hfc-module, having finite length is equivalent to being finite dimensional as a fc-vector 
space ([32, 5.3] or [23, Lemma 6.14]). Therefore, any irreducible H^-module is finite dimensional 
and has a central character, and any module in Mod/ 9 (Hfc) decomposes uniquely into a direct 
sum of indecomposable modules. 

5.3.1. The category of finite dimensional ^°(H^.) -modules. Let Modjd(-2?°(Hfc)) denote the cat- 
egory of finite dimensional iJ°(Hfc)-modules. For Wl a maximal ideal of iT°(Hfc), we consider the 
full subcategory 

Wl-Mod fd (Z°(R k )) 

of the modules M of 9K-torsion, that is to say such that there is e € N satisfying Wl e M = 0. 
The category Modjd(Z°(Hfc)) decomposes into the direct sum of all 9Jt — Mod^(Z°(Hfc)) where 
9Jt-ranges over the maximal ideals of i?° (£[&). 

5.3.2. Blocks of Hk -modules with finite length. For Wl a maximal ideal of Z (Hk), we say that 
a Hfc-module with finite length is a QK-torsion module if its restriction to a i?°(Hfc)-module lies 
in the subcategory Wl — Mod/rf(^ (Hfc)). We denote by 

(5.3) Wl- Mod /9 (H fc ) 

the full subcategory of Modj 9 (Hfe) of such modules. 

Lemma 5.4. Let Wl and 9T be two maximal ideals o/2°(Hfc). If there is a nonzero Wl-torsion 
module M and a nonzero Wl-torsion module N such that Extg (M, N) ^ for some r > 0, then 
Wl = <R. 

Proof. For any H^-modules X and Y, the natural morphisms of algebras 2°(H ( ! C ) — > Endg fe (X) 
and i?°(Fifc) — > Endg fc (Y) equip Homg fc (X, Y) with a structure of central Z°(Hfc)-bimodule. 
The space Ext r (M, N) is therefore naturally a central i?°(Hfc)-bimodule. It is an 9Jt-torsion 
module and a OT-torsion module. Therefore it is zero unless Wl = 91. 

□ 
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For 5DT a maximal ideal of 2°(H/ C ), we call 50? — M.odfd(Z°(H.k)) the block corresponding to 
9Jt. Since Z°(H.k) is a central finitely generated subalgebra of an indecomposable H^-module 
with finite length is a 9JT-torsion module for some maximal ideal of Z°(Hk)- 

Remark 5.5. A H^-module with finite length M lies in the block corresponding to some maximal 
ideal 9JT if and only if all the characters of Z°{Yi k ) contained in M have kernel 9K. 

Remark 5.6. The blocks (5.3) are not indecomposable. They can for example be further decom- 
posed via the idempotents introduced in 1.2.8. 

5.3.3. The supersingular block. 

Definition 5.7. We call a maximal ideal of Z°(Hk) supersingular if it contains the ideal 3 
defined in 5.2. A character of Z°{Yik) is called supersingular if its kernel is a supersingular 
maximal ideal of i?°(Hfc). 

Given a character cj of the connected center Z of G, there is a unique supersingular character 
of i?°(Hfc) satisfying (u)(z\) = u(X(w)) for any A G X+(T) with length zero. A character of 

the center of is called "null" in [31] if it takes value zero at all central elements (2.2) for all 

2U-orbits O in X*(T) containing a coweight with length ^ 0. 

Lemma 5.8. A character Z(Hk) —> k is "null" if and only if its restriction to Z°(Hk) is a 
supersingular character in the sense of Definition 5. 7. 

Proof. Consider a character £ : Z(H k ) — > k whose restriction to Z°(H.k) is supersingular. We 
want to prove that £ is "null". The H^-module ®2(B k ) C being finite dimensional, it contains 
a character £ for the commutative finitely generated /c-algebra {A^)k and the restriction of Q to 
Z(R k ) coincides with (. We look at the restriction of ( to (A^) k - Let A G X+(T) with £(e x ) / 0; 
by (2.4), there is at most one SB-conjugate A' of A such that £(B^(A')) ^ and if there exists 
such a A', then C(z\) = ((z\) ^ 0, which is a contradiction: we have proved that C(®^(A')) = 
for all A' G X*(T) with £(e x ') ^ which implies that it is also the case for A' G X*(T) with 
£(e x ') / 0. Therefore, ( is "null". 

□ 

A finite dimensional H^-module M with central character is called supersingular in [31] if this 
central character is "null" . We extend this definition. 

Proposition-Definition 5.9. An indecomposable finite length H k -module is in the supersingu- 
lar block and is called supersingular if and only if equipped with the discrete topology, it is a 
continuous module for the 3-adic topology on or equivalently, for the topology induced by the 
filtration (5.2). 

The notion of super singularity is independent of the choice of the uniformizer w . 
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Proof. An indecomposable H^-module M with finite length is in the supersingular block if and 
only if there is m > 1 such that 3 m M = {0}. Then use Proposition 5.3. □ 

Remark 5.10. If G is of adjoint type or G = GL n , then by Corollary 2.7 and the proof of 
Proposition 2.6, the ideal 3 and therefore the notion of supersingularity for the finite length 
Hfc-modules is independent of all the choices. 

Remark 5.11. Suppose that G = GL n . Then we get from [31, Theorem 5] and [22, Theorem 
7.3] that an indecomposable H^-module with finite length is in the supersingular block if and 
only if it contains a character for the affine Hecke subalgebra H? • So we can also deduce from 
this that the notion of supersingularity for a H^-module with finite length is independent of all 
the choices. 

We generalize [22, Theorem 7.3]: 

Theorem 5.12. A finite length H^-module in the supersingular block contains a character for 
the affine Hecke subalgebra &t ■ 

Proof. Let M be an H^-module with finite length in the supersingular block. By the previous 
proposition, there is n G N such that for any w G W, if £{w) > n then 'B^,(w)M = 0. Let 
x E M supporting a character for fik (see 1.2.9) and let d G D with maximal length such that 
H>c(d)x 7^ where d G W denotes a lift for d (the property S^(d)x ^ does not depend on the 
choice of the lift d). As in [22, Theorem 7.3], we prove that x' := !B^(d)x supports a character 
for H? which is generated by all tj and all rg for t G T°/T 1 and s G S a ff with chosen lift 
s G W. From the relations (1.10) we get that r t x' = 23j(d)r d -i trf x is proportional to x'. Now 
let s G S a ff. If £(sd) = £(d) — 1, then sd G D after Proposition 1.3 and, by (5.1), the element 
x' is equal to i(t^)i{t~^)x (up to an invertible element in k) so that TgX 1 = by Remark 1.8. If 
£(sd) = £{d) + 1 and sd G D, then < B^,{sd)x is equal to zero on one side, and to i(ts)x' (up to an 
invertible element in k) by (5.1) on the other side. It proves that t^x' is proportional to x' by 
Remark 1.8. If £{sd) = £{d) + \ and sd T> then there is s' G S such that sd = ds' by Proposition 

1.3, and i{ts)x' is proportional to S^(d)L(r 5 /)x and therefore to x' because i(t§/) G hk- 

□ 

5.4. Pro-p-Iwahori invariants of parabolic inductions and special representations of 
G in characteristic p. 

5.4.1. In this paragraph, k is an arbitrary field. Let F be a standard facet, Uf the associated set 
of simple roots and Pi? the corresponding standard parabolic subgroup with Levi decomposition 
Pi? = Mi?Ni?. Recall that by Remark 3.6 the subspace Hi^Mi?) - of Hk(Mj?) generated over k 
by all for all F- negative w G Wj? injects in via 

jp : H k (Mi?)~ — ► H k 
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It endows with a structure of left module over Hk(M^) - . 

Proposition 5.13. Let (a, V ff ) be a smooth ^-representation ofM F . We consider the parabolic 
induction Indp F cr and its 1-invariant subspace (Indp^o - ) 1 . We have a surjective morphism of 
right H^-modules 

(5.4) o 1 ' ® Hk (M F) - Hk — > (Ind^a) 1 

sending v (g> 1 to the unique I-invariant function with support in P^I and value v at 1q. 

Remark 5.14. In the case of G = PGL n or GL„ Proposition 5.2 in [22] implies that (5.4) is an 
isomorphism. The proof uses the Bernstein integral relations for the minuscule coweights. We 
think that the bijectivity is true for a general (split) G, but we will only use the surjectivity 
here. 

The proposition follows from the discussion below. All the lemmas are proved in the next 
paragraph. 

The unipotent subgroup Nf is generated by all the root subgroups U a for a G <I> + — $> F . 
Let denote the opposite unipotent subgroup of G. The pro-p Iwahori subgroup I has the 
following decomposition: 

I = T^l° F Ip where L+ := I n N F , 1 F := I D M F , I~ := I n N F . 

Lemma 5.15. Let D F = {d G 23J, d _1 $£ C $+}. 

i. For d £ T> F , we have P F IdI = P F dI. 

ii. The set of all lifts w £ G for w £ D F is a system of representatives of the double cosets 
P F \G/l 

hi. For d £ D F , let Idl = \\_ y Uy be a decomposition in right cosets. Then 

Y> F dl = W_Y F ldy. 

y 

iv. Let d 6 T> F . By the projection P F -» M. F , the image ofP F Pi dld^ 1 is 1 F . 

An element m G M F contracts 1^ and dilates 1^ if it satisfies the conditions (see [7, (6.5)]): 

(5.5) rnlpm" 1 C 1^, m~ 1 I F m C 1^. 

Remark 5.16. This property of an element m G M. F only depends on the double coset 
(M. F n I)m(WL F n I). Furthermore, if m G K n M F then ml^m -1 = I F and m _1 I^m = 1^. 

Lemma 5.17. Let w G W F . The element w satisfies (5.5) if and only if w is F -negative. 
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Let (cr, V(j) as in the proposition. Let v G V a F and d £ T)p. By Lemma 5.15 ii and iv, the 
I-invariant function 

f d;V G (Ind^a) 1 

with support in Ppdl and value v at d is well defined and the set of all f d)V form a basis of 
(Indp^cr) 1 , when d ranges over T>p and v over a basis of ct If . 

Lemma 5.18. i. Let w an F '-negative element in Wp. Then f\ tV . t w = fi jV , T F- 
ii. We have fi )V . r d = f d>v . 

5.4.2. Proof of the Lemmas. Recall that given a G <J>, the root subgroup 11 a is endowed with a 
filtration U( Q m for A; G Z (see for example [27, 1.1] or [23, 4.2]). The product map 

(5.6) H U (Q)1) x T 1 x H U {afi) ^ I 

ag<I>+ 

induces a bijection, where the products on the left hand side are ordered in some arbitrary 
chosen way ([27, Proposition 1.2.2]). The subgroup 1^ (resp. 1^) of I is generated by the image 
of rL 6 0+-$+ u (a,o) (resp. Ilae*--^ U (a,l))- Tne subgroup I F of I is generated by T 1 and the 
image of U ae $- ^(a,i) x IL e $+ U [afl) . 

Proof of Lemma 5.15. i. We have Ppldl = Ppl^dl. But for a G <1? + , we have dT 1 1Lf- a ,i) d = 
C I so Ipd C dl so Ppldl = Ppdl. Point ii follows by Bruhat decomposition for 
K and Iwasawa decomposition for G. For iii, we first recall that the image of Pf H K by the 
reduction red : K — > G xo (¥ q ) modulo Ki is the group P(F g ) of F^-points of a parabolic subgroup 
containing B (notations in 1.2). Recall that the Weyl group of G XQ (¥ q ) is 22J: for w G 2H we 
will still denote by w with a chosen lift in G Xo (¥ q ). The set Dp is a system of representatives 
of P(F,)\Gs (F,)/U(F,). For d G Dp, we have using [8, 2.5.12] 

P(F 9 ) n dU^cT 1 C U(F,) 

We deduce that the image of Pf n l F dld~ 1 by red is contained in U(F g ) and therefore Pf fl 
Ypdld,- 1 C I. 

Now let d G Tip and y G I. By the previous observations, d G Palely = PpYpdy implies d G Idy. 
It proves iii. In passing we proved that Pf n did -1 is contained in Pp fl I = IpTp and If is 
contained in Pp n dld^ 1 by definition of Dp. It proves iv. □ 

Proof of Lemma 5.17. By Remark 5.16 it is enough to prove the fact for w = e x G X*(T). A 
lift for e A is given by X(w~ 1 ). The element X(w^ 1 ) satisfies (5.5) if 

(5.7) for all a G <3? + — <3?J, we have \{m~ l ) U( afi )\(m) C ij and A(ro)W(_ ajl )A(ro _1 ) C I~. 

By [23, Remark 4.1(1)] (for example), X(w~ 1 )U^ a ^X(w) = I4( a ,-( a ,\)) an d \{vu)U^_ a ^\{w~ l ) = 
M(- a ,i-(a,\))- Condition (5.7) is satisfied if and only if A is F-negative. 

□ 
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Proof of Lemma 5.18. i. Let w be an F-negative element in Wjr. The function fi v . t w has 
support in Ppl F wl. Since w satisfies (5.5), we have PfI f wI = Ppwl = Ppl. It remains to 
compute the value of f\, v . t w at 1^ (we choose 1q as a lift for 1 G Dp). The proof goes through 
exactly as in [22, 6A.3] were it is written up in the case of G = GL„. ii. Let d £ T)p. By Lemma 
5.15i, the function fi v . has support in Ppdl. It follows from Lemma 5.15iii that its value at 
d is v. 

□ 

5.4.3. We work again with the algebraically closed field k with characteristic p. We draw 
corollaries from Proposition 5.13. 

Corollary 5.19. Let F ^ xq be a standard fact. Lf cr is an admissible k-representation ofMp 
with a central character, then (Indp^o") 1 is a finite dimensional ^j~-module whose irreducible 
subquotients are not super singular. 

Proof. The fact that (Indp^o") 1 is finite dimensional is a consequence of the admissibility of o\ 
Let A G X*(T) a strongly F-negative coweight (see Remark 3.6) and Ao G X+(T) the unique 
dominant coweight in its 2H-orbit 0(A). By Lemma 3.4 

A'eO(A) 

We compute the action of z\ on an element of the form v <8) 1 G ct If ®H fe (M F )- Sfc- We have 
25^ (A) = t 6 a and therefore, 

(V ® l)B^(A) = V T e x = V®jp{T^ x ) = (vt£) ® 1. 

Recall that = r f( ro -i) an d that X(w~ 1 ) is a central element in M.p. Therefore, vt^ x = 
u}(X(zu))v where u denotes the central character of o\ By (2.4), it implies that {v l)S^(A') = 
for A' G 0(A) distinct from A. We have proved that z\ acts by multiplication by uj{\{w)) ^ 
on a lp ®H fc (M F )- Hfc and therefore on (Indp^o - ) 1 by Proposition 5.13. It proves the claim. □ 

Corollary 5.20. Let Sp^ be the special k-representation of G 

IndS 1 

Sp F = — ^— ^ 

zZf'^FcF Ind P F / 1 

where F' ranges over the set of standard facets ^ F contained in the closure of F. The I- 
invariant subspace ofSp F is an irreducible H^-module which is not super singular. 

Proof. By [11, (18) and Corollary 4.3], (Sp^) 1 is an irreducible quotient of (Indp F l) 1 . Apply 
Corollary 5.19. 

□ 
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5.5. On supersingular representations . Here we suppose that J is a finite extension of <Q P . 
Let p be a weight of K. By (4.6), there is a correspondence between the /c-characters of H(G, p) 
and i?°(Hfc) and we will use the same letter £ for two characters paired up by (4.6). With this 
notation, we have a surjective morphism of representations of G: 

(5.8) C ®z°(a k ) ind f Gl — ► C ®«(G,p) ind KP- 

For co a character of the connected center of G, let Coj the supersingular character of Z°(Hk) 
as in 5.3.3. From now on we suppose that the derived group of G is simply connected. 

Lemma 5.21. A character H(G,p) — ^ k is parametrized by the pair (G, w) in the sense of [17, 
Proposition 4.1] if and only if it corresponds to the supersingular character £ w o/i? (Hfc) via 
(4.6). 

Proof. By [17, Corollary 4.2] (see also Corollary 2.19 loc.cit), the supersingularity of the char- 
acter ( is tested on the character (' = ( o T and £ is supersingular if and only if C'(A) = for all 
A € X+(T) such that X(w) does not belong to the connected center of G, which is equivalent to 
£(e x ) + 0. 

□ 

A smooth irreducible admissible /c-representation of G has a central character. A smooth irre- 
ducible admissible /c-representation 7t with central character uj : Z — )• k x is called supersingular 
with respect to (K,T,B) ([17, Definition 4.7]) if for all weights p of K, any map ind^/9 — > n 
factorizes through 

tu ®H{G,p) indgp — > 7t- 

Note that if the first map is zero, then the condition is trivial. A supersingular representation 
is therefore a quotient of ®z°(k k ) in< 4pl and of 

ind^l/Jindpl. 

Remark 5.22. The representation indpl/3indpl depends only on the conjugacy class of xq, and 
it is independant of all the choices if G is of adjoint type or G = GL„ (Remark 5.10). 

Theorem 5.23. If G = GL n (^) or PGL n (3\), a smooth irreducible admissible k -representation 
71 is supersingular if and only if it is a quotient of 

indf 1/Jindf 1. 

Proof. Let n be a smooth irreducible admissible /^-representation of G with central character 
to. It is a quotient of Cuj ®z°(n k ) indpl if and oru y if nl contains the supersingular character 
of Z°(Hk), in which case by Corollaries 5.19 and 5.20 and the main theorem of [17], n is 
supercuspidal and therefore supersingular. 
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□ 

The results of [17] have been generalized to the case of a 3-split connected reductive group G 
in [1]. Stating a version of Theorem 5.23 in the general case would require further calculations of 
the Hfc-modules of I-invariants of certain nonsupersingular representations of G. But we expect 
that a proof of Theorem 5.23 can be obtained independently of the classification in [17], as well 
as a generalization to any 5-split group independently of the classification in [1]. 
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